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VELOCITY OF HEAT I~ROPAGATION 

W I T H  A F I N I T E  

I ,  M.  S h t e r  UDC536.416:539.3 

General  t h e o r e m s  a r e  der ived  concerning intercoupled the rmoe la s t i c i t y  with a finite veloci ty  
of heat  propagat ion.  The var ia t iona l  pr inc ip le  is applied and the solution to in tercoupled p rob-  
l ems  is given in an in tegra l  fo rm analogous to the Kirchhoff  fo rmula .  

1. When the pr inc ip les  of t he rm odynamics  of i r r e v e r s i b l e  p r o c e s s e s  a r e  applied to deformat ions  of 
sol ids,  one obtains fundamental  laws which govern  rea l  p r o c e s s e s  in e las t ic  bodies.  In p rob l ems  concern-  
hag the deformat ions  of a medium which in te rac t s  with external  fields,  the external  fo rces  a r e  not given 
as functions of the space  coordinates  of a point and of t ime  but a r e  es tabl ished,  ins tead,  f rom the solution 
to s y s t e m s  of s imul taneous  equations: equations of the mechan ics  of de fo rmable  bodies and equations of 
the external  f ields.  In such a formula t ion  it becomes  n e c e s s a r y  to consider  equations of both e las t ic i ty  
theory  and heat  conduction. The deformat ion  of a body by mechanica l  or  t h e r m a l  fo rces  is accompanied  
by a coupling effect due to in te rac t ion  between the deformat ion  field and the t e m p e r a t u r e  field. This effect 
is mani fes ted  in the genera t ion of t he rm oe l a s t i c  waves ,  in the t h e r m o e l a s t i c  diss ipat ion of energy.  

The veloci ty  of heat  propagat ion,  according to the fo rmula  v T = a~-~F,, is  in me ta l s  of the s a m e  o r -  
der  of magnitude as the veloci ty  of sound and in p o l y m e r s ,  d ie lec t r i cs ,  and amorphous  m a t e r i a l s  equal to 
the l a t t e r .  For  this reason ,  in p rob l em s  of in tercoupled dynamic  the rmoe las t i c i ty ,  where  the veloci ty  of 
sound is  taken into considerat ion,  it is  n e c e s s a r y  to cons ider  also the veloci ty  of heat  propagat ion.  As-  
suming an infinite veloci ty  of heat  propagat ion  in dynamic p rob l ems  of t he rmoe la s t i c i t y  r e su l t s ,  fo rmal ly ,  
in the appea rance  of s t r e s s e s  at a given point before  the e las t ic  wave has  a r r ived ;  this becomes  ve ry  ob- 
vious in the analys is  of a t he rm a l  shock at a ha l f - space  su r face .  

The equations of in tereoupled the rmoe la s t i c i t y  with a finite ve loci ty  of heat  propagat ion a r e  

V2 O =  1 0 0 . ~  1 020 (Oe  T* O~e), 
- - "  2 6 ~1 -~- ( i)  

O~u~ 
O~K.K ~- Fi = p - -  (2) 

0l 2 

where  | denotes the t e m p e r a t u r e  r i s e ,  ~ = T0OlT(k + 2it/3),  T o denotes the t e m p e r a t u r e  before  heating, 
C~ik is  the s t r e s s  t enso r ,  F i a r e  volume fo rces ,  and p denotes the densi ty  of the medium.  To this s y s t e m  
mus t  be added the equation of coupling between the deformat ion  t ensor  and the components  of the d i sp lace -  
ment  vec to r :  

eig 2 kOxr -~xi ]" (3) 

We will de r ive  the energy equation for  in tereoupled the rmoe la s t i c i t y  with heat  sources  in the medium.  
Let us cons ider  such a s y s t e m  of equations: 

a u ( . K + F i = p v i ,  v~=i t  i =  Ou--L (i, K = I ,  2, 3), (4) 
Ot 

1 , 
O; ~ - O - - - ~  O - -  n (e + ~*e) - -  - -  1 + ~* Q, (5) 

a VT a 

where  Q(x,t) denotes the intensi ty  of heat  sou rces .  
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We mult iply (4) by vi, in tegra te  over  the volume according  to the Gauss theo rem,  and obtain 

B A B B 
(6) 

where  B denotes the body volume,  A denotes the su r face  bounding the body, and Pi denotes the su r face  
loading, 

The Duhamel- -Neumann formula 

t r a n s f o r m s  (6) into 

ait( = 2pe,-/( -!- (ke -- ?O) 5~K; 

d S " [OedV. - -  Pivids -> 7. cll (K + W) -- FivflV "i- ! 
B B 

(7) 

(s) 

Here  

K P Sv~v~dV, W =  f (  )~ ) = ~ ~eiK eiK l --2- e2 dV, 7 = % (3)~ -i- 29). 

B B 

(9) 

Equation (8) e x p r e s s e s  the law of energy conserva t ion  in a t he rmoe l a s t i c  medium,  but it  does not explicit ly 
account for  the p r e s e n c e  of heat  sources  and for  the t e m p e r a t u r e  r i s e  in the body. T r a n s f o r m i n g  (5) and 

introducing the t h e r m a l  energy function P = 7/2~a ~ @2dV as well as the d iss ipat ion function 
B 

B B 

we obtain the energy  equation 

B A 

B A 

(ii) 

(s denotes the entropy).  The r ight -hand side of this equation includes heat  sources  which produce  a de-  
fo rmat ion  field and a t e m p e r a t u r e  field. Our d iss ipa t ive  function dif fers  f rom Blo t ' s  analogous d iss ipa t ive  
function by the additional t e r m  r ep re sen t i ng  the acce l e r a t ed  i n c r e a s e  of the s y s t e m  entropy.  When a s s u m -  

�9 ing an infinite ve loci ty  of  heat  propagat ion,  t he re fo re ,  we have  less  d iss ipated energy  than in the case  of a 
finite veloci ty .  

With the aid of Eq. (11), one can p rove  the uniqueness of the solut ionto  in t e rcoup led the rmoe las t i c i ty  
p r o b l e m s  with cons t ra in t s  and with a finite veloci ty  of heat  propagat ion.  

2. The applicat ion of d i rec t  methods to the solution of in tercoupled the rmoe la s t i c i t y  p rob l ems  is  
fraught  with difficult ies;  on the other  hand, approx imate  methods based on var ia t iona l  pr inc ip les  a r e  ef-  
fect ive .  

We will es tabl i sh  the var ia t iona l  pr inc ip le  for  in tercoupled  t he rmoe la s t i c i t y .  Consider ing the i so -  
t h e r m a l  deformat ion  energy 

W= .fO~e~Ke,~ -~',--~ e ~) dV (12) 

B 

then t r a n s f o r m i n g  this express ion  by means  of the Duhamel- -Neumann fo rmula  and the equation of m o r o n ,  
we obtain the re la t ion  

B A B B 
(13) 

The lef t -hand side of Eq. (13) r e p r e s e n t s  the v i r tua l  work of volume,  su r face ,  and ine r t i a  fo rces ,  while 
the r igh t -hand  side r e p r e s e n t s  the v i r tua l  work of in ternal  fo rces .  
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Noting that the second t e r m  on the r ight-hand side of Eq. (13) includes the t empera tu re ,  we add 
another  equation here�9 Vector H will be re la ted  to the thermal  flux vec tor  q and the entropy as follows: 

q ~ ToI:l, S = --  div H, q -- Toll, (14) 

and then the integral  

can be reduced to 

f( T0 , =0 O,i~. T~ fi, : - 

, ~ 

B 

f On,SHfls + ToC~ I O60dV _]_7 f06edV -[- ~T~ f('H~ + .d;l:l~)dV--= 0. 
A B B B 

(15) 

We also introduce the thermal  potential  P and the dissipation functions D. 
we have the var ia t ional  pr inciple  s tated as follows: 

(i (W + P -~- D) = ~ (F/--  pu]) 6uflV -- .I Pi6ufls -- .! O~,6Hids' 
B A A 

(16) 

Considering (16) and (13), 

(17) 

saying that the var ia t ion of the sum of the deformation work, the thermal  potential,  and the dissipation 
function is equal to the vir tual  work of external  forces ,  the vir tual  work of iner t ia  forces ,  and the sur face  
heating. The thermal  potential and the dissipation function have been defined according to 

6P = T---~ct iO6OdV' 6D .... T~215 .!4"'-~"~*'H,)6HidV. (18) 

B B 

The components of the displacement  vec tor  u i and the components of vec tor  Hi will be r ep resen ted  
as follows: 

2 us = ~ ui I (XK) qj (t), Hi : Hi i (xK) q1 (t), (19) 
]=1 1=1 

where qj  a re  genera l i zed  coordinates ,  6u i and 6H i will be assumed independent of t ime,  so that the follow- 
ing respec t ive  definitions will apply: 

6ui--- OUC6qj, 5H,= OH~ 6qj, OHi = OH, 
Oqj Oqj Oq.~ aqj ' 

d OK 
6 K = - ~ [ - ~ - q j  16q,, 6u, = vflt, 60 :: Odt. 

Princip le  (17) can be expressed  in t e r m s  of LagTange equations of motion for  energy dissipating sys tems  

OW OD~ . d ( O K  ' "c* OD,~ 
Oq----f- + ~ -r - ~  \ O+, - ~ ] = Qy, (20) 

where D T = T0/214 ~ dti)2dV and Qj is the general ized force:  
B 

Out dV + P, . . . .  On, QJ= I F` aqj aqj 
A " 

If the intensity of the entropy source  is defined as 

a -- qO,,dV 
To 

B 

and the sur face  intensi ty of the entropy source  is introduced as 

(21) 

1 ~On iqds, ~ , > 0 ,  (22) 
~" = - -  T--~ 

A 

then (17) can be expressed  as 
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d , i f d! (K -r- W -~- P) -[- (~ - -  %~ F~vflV + P~vfls. (23) 

B A 

Equat ion (23) can be in t eg ra t ed  as fol lows:  without s u r f a c e  heat ing,  the  work  of vo lume  and s u r f a c e  fo rces  
is  expended on changing the  k inet ic  energy ,  the i s o t h e r m a l  d e f o r m a t i o n  energy ,  the t h e r m a l  function,  and 
a lso  on i n c r e a s i n g  the s y s t e m  en t ropy  (at ~n = 0); with s u r f a c e  heat ing,  ~n ~ 0 and the  s y s t e m  en t ropy  de-  
c r e a s e s ,  i . e . ,  l e s s  ene rgy  is  d i s s ipa t ed  unde r  a mechan ica l  load on the body.  

3. We will  now r e p r e s e n t  the  d i sp l acemen t s  as sums  of a po ten t ia l  and a so lenoida l  component :  

u~ = 0,~ + E~iK~)~.i, (24) 

so that  the  s y s t e m  of i n t e r coup led  t h e r m o e l a s t i c i t y  equat ions  in d i m e n s i o n l e s s  v a r i a b l e s  

~" : =  C~ l~ 8 i -= 
C 1 a - a  x~ (25) 

b e c o m e s  

(V 2 0 
& 

02 ) 
(V ~ -  - -  �9 (~i, T) =-- mO (el, ~), 

0T 2 

. . . .  M2 03&z ]/ O @,, *) - -  rl, (&O ~- M 2 -6e-~O~ z } VRI) -- O, 

(26) 

(27) 

(28) 

w h e r e  

c,2 ~_2~* ; c~= . . . .  ~t ; m aTa ~(3s 
P P c~p ' 

To%c~ (3)v d- 29). k2 == (_c l )2  . c, 
~11-- Cea , \, c2 / , M-------.VT 

A Lap lace  ~ rans fo rma t ion  of (26) and (28) with r e s p e c t  to the v a r i a b l e  z,  with homogeneous  ini t ia l  condi-  
t ions ,  will  y i e ld  

(V 2 _ p2) (1) = me, (29) 

IV 2 - -  p (I @ MZp)] 0 - -  BIP (1 @ MZp) V~q~ = O. (30) 

Eliminating function-@ from (29) and (30) yields 

{(V ~ _ p2) IV ~ _ p (1 + M~p)] - -  ep (1 @M2p)  V ~} 0 = O, (31) 

w h e r e  ~ = m~  l is  the  coupling p a r a m e t e r .  

Le t  us c o n s i d e r  the  solut ion to the equat ion 

{(V~--p ~) [V2--p (1 + M2p)] - -ep(1  + MZp) V ~} 

x 'H (e,, y, p) (l . -  M2p) a (e, -- y) (32) 

in an infinite region. With homogeneous init ial  conditions, the solution to (32) is 

~I - -  e--~':r - -  e-X'r (33) 
4IIr (Z~ - -  ~.~) (1 q- M2p) ' 

where  

L~,2 = p [p -l- (1 q- ~) (I + M2p) 
Y 

+_ V p  'a - 2p(1 - e) (1 -{ p M  2) q- (1 -? & (1 d- PM~")2], 

r ~ ~ ( ~  - -  Y3 ( ~  - -  yO.  

We wr i t e  down the  fol lowing ident i ty :  

.~ [H (V 2 - -  X~) (V ~ - -  g) 0 - -  O (V 2 --  Z~) (V ~ - -  ~) fl] dV 
B 

(34) 
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= S [~v'6 - Ovm-  (z? + z~) ( H v ~  - ~ @ ]  av. (3~) 
B 

With the Gauss  t h e o r e m  and the Green  t r a n s f o r m a t i o n ,  we then obtain 

. t  [;q (v~ - -  ~'~) (v~ - -  X~) 70 -- 0 (V ~ - -  ~,) (V ~ - -  ~) H] dV 
B 

A A 

where  L32 = V 2 -  (k~ + k~). F r o m  (36) we have  

1 2 (Y' P) 1 q--M p . f  ( t I  0 ~ 0  0 0~2-H 
- o,, -=eT-/as 

A 

v ~On - ~ oB �9 v~l) ~ ) ds, (37) 
A 

where  -G is the  t r a n s f o r m  of the  Green  function which c o r r e s p o n d s  to  the t h e r m o e l a s t i c  potent ia l  ~, 

V~(~ __ [V ~ - -  p (1 + M2p)] 6) 
~ = v ~ -  [ z~ + ~ .~-  p 0 + M~p)] 

~laP (1 + M~p) ' :- 

o r  

(g' P) - -  I-NM2p . \ T - -  ~ ds 
A 

~v'~ ~ 7  - -  v g ~ n  
A 

Funct ion H(e i, y ,  r )  wili be sought  in the  folIowing f o r m :  

H -- H 0 -k ell1 + e2H2 + .. �9 (38) 

Expanding (34) into a Mac lau r in  s e r i e s  in e and re t a in ing  only the t e r m s  of not  h ighe r  than the  f i r s t  o r d e r  
in e, we have  

~a__ p [i_,_ e I + P  M2 .1 
2 (p- -  l '-- pM ~) ' 

= (1 e ). (39) k 2 V"p(l --~- pM 2) -" PM~ + 1 
2 (p - -  1 - -  pM ~) 

I n s e r t i n g  (39) into (33) and a subsequent  Lap lace  t r a n s f o r m a t i o n  y ie ld  

:.= ~:--r e l - -M~]  H e - - H ( ' ~ - - r ) [ l ' M 2 e  M--'+ 

_ t �9 ' 2 M  j 7 ~ ~--~M ~ d~ d~ (40) 
0 rM 

at T > rM or 
T - - r  T- - r  

no = - -  H(~ - -  ~) [1 + M~e ~'  + e '=m]  (41) 

a t r  < r M .  

The exp re s s i ons  fo r  H 1 and ]I 2 have  an analogous  s t r u c t u r e ,  but a r e  not shown h e r e  because  of  the i r  
unwie ld iness .  Having d e t e r m i n e d  the va lues  of H and knowing the  t e m p e r a t u r e  of  the  body su r f ace ,  one 
can ca lcu la te  the t e m p e r a t u r e  ins ide  the body a c c o r d i n g  to Eq. (37). This equat ion is analogous  to the  
well kno~x~a Ki rchhof f  equat ion of  e l a s tok ine t i c s .  Such an equat ion is  a l so  obtained in the  c a s e  of m e c h a n i c a l  
loads on the body.  

Equation (40) ind ica tes  that ,  when the body boundary  hea t s  up, a t h e r m o e l a s t i e  wave p r o p a g a t e s  as  
fol lows:  a thin l a y e r  of m a t e r i a l  f i r s t  hea t s  up,  then expands,  and then b e c o m e s  a s o u r c e  of  an e las t ic  
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c o m p r e s s i o n  wave (41), whereupon a t h e r m a l  wave t r ave l s  through t i m e  ~ > rM and r a i s e s  the t e m p e r a t u r e  
of the medium at a given point. 

We obtain a ther~moelastic wave, subject  to  damping and d ispers ion ,  which is not cha rac t e r i s t i c  for  
solutions of nonintercoupled p rob l ems  of t he rmoe la s t i c i t y .  

At M = ! ,  according  to (40) and (41), we obtain discontinuous solut ions,  i . e . ,  when the veloci ty  of 
heat  propagat ion  is  equal to the veloci ty  of sound, then shock waves  a r e  genera ted  by externa l  impulses  
and, t he re fo re ,  additional conditions mus t  be st ipulated,  if  i t  is to become  feas ib le  to apply the equations 
of continuum mechan ic s .  

The appearance  of shock waves is  c h a r a c t e r i s t i c  when a finite ve loci ty  of wave propagat ion is a s -  
sumed,  while at an infinite heat  veloci ty  only a discontinuity of s t r e s s e s  occurs  during a continuous change 
of t e m p e r a t u r e ,  a so -ca l l ed  i s o t h e r m a l  shock, which has  cer ta in ly  no physica l  just i f icat ion.  

@ 
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N O T A T I O N  

is the t e m p e r a t u r e ;  
is  the veloci ty  of t h e r m a l  wave; 
is  the t h e r m a l  diffusivity;  
a r e  the Lam~ constants ;  
a r e  d i s p l a c e m e n t s ;  
is  the in tensi ty  of heat  sou rces ;  
is the t h e r m a l  flux; 
is  the t h e r m a l  conductivity; 
i s  the re laxa t ion  t i m e  
is the spec i f ic  heat  at a constant  deformat ion;  
i s  the l inea r  t h e r m a l  expansivi ty;  
is the f i r s t  invar ian t  of the deformat ion  t enso r .  
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